We propose an alternative proof to the well known result -attributed to Quillenthat asserts that the homotopy categories of Cat and T op are equivalent. In order to do that, we relate both homotopy categories with the homotopy category of partially ordered sets, by using subdivision of categories and some classical results by McCord on A-spaces.
Introduction
Most of the ideas presented in this work are already implicit in the literature. We focus on Quillen's theorem relating the homotopy categories of spaces and categories. We describe a conceptual proof of this result using some basic facts on T 0 A-spaces and some homotopy notions in Cat, without passing through simplicial sets nor appealing to more sophisticated methods such as model category theory. We think that the importance of the result and the simplicity of the treatment given on these pages might be reasons enough to enlarge a little bit what has been written on the subject.
In Section 2 we make a short historical review. Section 3 summarizes the tools about category theory, classifying spaces, localization of categories and T 0 A-spaces that we needour sources are [9] , [14] , [12] , [4] and [10] , respectively. We finish this section by introducing a reasonable definition for the homotopy category of posets, namely Ho(PoSet). In Section 4 we give an intrinsic desciption of subdivision of categories, and illustrate it with some simple examples. We derive some basic properties of the subdivision functor C → Sd(C), the most important being that Sd 2 (C) is a poset for every category C, and we also prove that a category and its subdivision has the same homotopy type. Quillen's theorem is proved in Section 5. The final section is devoted to a list of general remarks.
I would like to thank my advisor Gabriel Minian for his invaluable assistance in the composition of this paper.
Historical review
If M is a category, its homotopy category Ho(M ) is the localization of M by W , where W is a distinguished class of maps called weak equivalences. This construction is crucial in homotopical algebra, that might be considered as an extension of homological algebra to non-linear contexts. The paradigmatic example is M = T op, the category of topological spaces, and W the family of maps which induce isomorphisms in the homotopy groups. It follows from the work of J.H.C. Whitehead that the category Ho(T op) is equivalent to that with objects the CW-complexes and arrows the homotopy classes of continuous maps.
Another interesting example is that of simplicial sets. Let sSet be the category of simplicial sets and simplicial maps. A map f : K → L in sSet is a weak equivalence if it becomes a homotopy equivalence after applying Milnor's geometric realization functor. A fundamental theorem by Milnor (cf. [4] ) proves that the geometric realization functor | · | : sSet → T op and the singular functor S : T op → sSet induce an equivalence Ho(sSet) ∼ = Ho(T op) between the homotopy categories, giving what Gabriel and Zisman called "a combinatorial description of topological spaces".
The classifying space functor B : Cat → T op introduced by Segal [14] allows one to do homotopy theory in Cat. In [12, §1] many results about this are summarized, and many others are developed. As Fritsch and Latch remarked in [3] , since BC depends only on its 2-skeleton, categories were supposed to have no interest from the homotopy viewpoint. But then, it was showed that the nerve functor N : Cat → sSet induces an equivalence in the homotopy categories and therefore Ho(Cat) was proved to be equivalent to Ho(sSet) as well as to Ho(T op). Once people found that any interesting homotopy type can be realized as the classifying space of a small category, categories became an useful algebraic tool to deal with problems on K-theory, delooping, etc.
The equivalence Ho(T op) ∼ = Ho(sSet) given by the adjoint |·| ⊣ S was later generalized to the notion of Quillen's equivalence between Quillen's model categories. Thomason's work [15] -lifting a model structure from sSet to Cat -and Cisinski's correction [2] suggest us that the homotopy theory of categories might be fully described by the full subcategory of partially ordered sets. This, together with the works of McCord relating A-spaces and posets, provides a new way to compare the categories Ho(T op) and Ho(Cat).
Preliminaries
We write Set, PoSet, T op and Cat for the categories of sets, partially ordered sets, topological spaces and small categories, respectively.
Homotopy categories of Cat and T op
If M is a category and W is a family of arrows in M , there exists (eventually expanding the base universe) a category M [W −1 ], called localization of M by W , and a functor p : M → M [W −1 ], called localization functor, which makes invertible all the arrows in W and which is universal with this property. The category M [W −1 ] has the same objects than M and its arrows can be expressed as classes of paths involving arrows of M and formal inverses of arrows of W . By using this description of the localization category, it is easy to prove the following.
for every pair of functors F, G :
When M is a category endowed with homotopical notions (e.g. model categories, simplicial categories, categories with cylinders) and when W is the class of weak equivalences of M , the localization of M by W is usually called the homotopy category of M , and is written by Ho(M ). The first example we recall is that of topological spaces.
Definition. The homotopy category Ho(T op) is the localization of T op by the family of weak equivalences, that is,
In order to describe the construction of the homotopy category Ho(Cat), we recall some definitions and results concerning the classifying space functor -for a more detailed treatment about this see [12] , [14] .
Denote by ∆ the category whose objects are the finite ordinals [q] = {0 < 1 < ... < q} and whose arrows are the order preserving maps.We use the following standard notation: for i = 0, ..., q let s If C is a small category, its nerve N C is the simplicial set whose q-simplices are the chains
of q composable arrows of C. Faces and degeneracies of N C are given by deleting objects and inserting identities respectively. Formally, a q-simplex X is a functor [q] → C where [q] is viewed as a category in the canonical way.
The classifying space BC of a category C is the geometric realization of its nerve, that is, BC = |N C|. A functor f : B → C is a weak equivalence if Bf is a homotopy equivalence between the classifying spaces. A category C is contractible if BC is so. There is a homeomorphism B(C × D) ≡ BC × BD when, for instance, C or D is finite -it follows that a natural transformation f ∼ = g induces a homotopy Bf ∼ = Bg. Thus, a functor which admits an adjoint is a weak equivalence, as it can be easily deduced by considering the homotopies arising from the unit and the counit of the adjunction. Proof. In these cases the functor B → * admits an adjoint, * being the final object of Cat.
Definition. The homotopy category Ho(Cat) is the localization of Cat by the family of weak equivalences, that is, Ho(Cat) = Cat[W −1 ] with W = {f : C → D|Bf : BC → BD is a homotopy equivalence}.
Quillen's theorem A
Quillen's theorem A provides sufficient conditions for a functor to be a weak equivalence. Recall that if f : C → D is a funtor and if Y is an object of D, then the fiber f −1 Y of f over Y is the subcategory of C with objects and arrows those which f carries into Y and id Y , respectively. The left fiber f /Y of f over Y is the category of pairs (X, u) with X an object of C and u : f X → Y , where an arrow (X, u)
The right fiber Y /f is defined dually. We will need the following corollary concerning pre-fibred and pre-cofibred functors. Before we state it, we recall some definitions. Given f :
, in a unique way.
The functor f is a pre-fibration if for each arrow
The functor f is a fibration if it is a pre-fibration and also cartesian arrows are closed under compositions. A fibration f : C → D is essentially a functor for which X → f −1 X defines a functor D op → Cat.
Cocartesian arrows are defined dually, as well as pre-fibred and pre-cofibred functors.
When f : C → D is a pre-fibration, the inclusion f −1 S → S/f admits a right adjoint, called base-change, that pull-backs an object (Y, φ) along a cartesian arrow X → Y over φ. This remark and its dual yield the following corollary. 
Homotopy category of PoSet
Although the homotopy theory of partially ordered sets is largely developed, we could not find a definition for the homotopy category Ho(PoSet). We construct it here in a suitable form, compatible with the inclusions PoSet → T op and PoSet → T op. We will use for this purpose some well known facts about A-spaces, posets and simplicial complexes, and some results of McCord [10] .
Recall that an A-space, or Alexandrov space, is a topological space in which any arbitrary intersection of open subsets is open. A T 0 A-space is an A-space which satisfies the T 0 separability axiom. There is a well known bijective correspondence between T 0 A-spaces and preorders -next we describe it briefly.
If P is a poset, let a(P ) be the topological space with points the elements of P and with open basis formed by the subsets {y|y x}, x ∈ P . Clearly, a(P ) is a T 0 A-space. If X is a topological space, let s(X) be the poset with elements the points of X and with the order x y ⇐⇒ y ∈ cl(x), where cl(x) denotes the closure of {x} in X. Both constructions P → a(P ) and X → s(X) are functorial. Furthermore, there exist natural isomorphisms sa(P ) ∼ − → P and as(X) ∼ − → X, hence a and s define an equivalence between PoSet and the full subcategory of T op whose objects are the T 0 A-spaces.
Let X be a T 0 A-space. A simplicial complex K(X) is constructed with vertices the points of X and simplices the finite chains of s(X), i.e. the sequences of points (x 0 , ..., x q ) satisfying x i+1 ∈ cl(x i ). The construction X → K(X) is functorial. Moreover, there is a natural continuous map f X : |K(X)| → X defined by f X (u) = min(carrier(u)), where carrier(u) is the unique open simplex of |K| containing u. For a simplicial complex K, denote by S(K) its set of simplices ordered by inclusion, and by K ′ its barycentric subdivision. Define X(K) as the T 0 A-space associated to its simplices, ie X(K) = aS(K). The construction K → X(K) is functorial, as it is the composition of two functors. Moreover, there is a natural continuous map f K : |K| → X(K) defined as the composition of the canonical homeomorphism |K| Denote by c : PoSet → Cat to the functor which assigns to each poset P the category c(P ) with objects the elements of P and with a unique arrow i → j between i and j if i j. The functor c admits a left adjoint p : Cat → PoSet -it assigns to each small category C its poset of objects p(C), that is, the poset associated to the preorder defined over the objects of C by the rule X Y ⇐⇒ there exists an arrow X → Y .
The functors a : PoSet → T op and c : PoSet → Cat embed PoSet as a full reflective subcategory of T op and Cat. Thus, PoSet inherits two definitions for weak equivalences by restricting those of T op and Cat. Let W a be the class of maps f : P → Q in PoSet such that a(f ) : a(P ) → a(Q) is a weak equivalence in T op, and let W c be the class of maps f : Proof. For each poset P there is a natural homeomorphism |Ka(P )| ≡ Bc(P ) between the geometric realization of McCord's construction on a(P ) and the classifying space of c(P ). Given f : P → Q a map in PoSet, consider the following commutative diagram.
Since the maps f a(P ) and f a(Q) are weak equivalences in T op (cf. 3.3.1), the continuous map Bc(f ) is a weak equivalence if and only if the map a(f ) is so.
Definition. We say that an order preserving map f : P → Q is a weak equivalence if f ∈ W a = W c . We define the homotopy category of PoSet, denoted Ho(PoSet), as the localization of PoSet by the family of weak equivalences.
It is clear that pc(P ) = P . Unfortunately, the composition cp does not respect homotopy types -for instance, a group G is mapped by cp into * . Similarly, while the composition sa is the identity functor over PoSet, the other composition as fails at the homotopic level -for instance, a Hausdorff space X is mapped by as into a discrete space. Despite this, the functors c : PoSet → Cat and a : PoSet → T op induce equivalences between the homotopy categories. In the next section we will construct homotopy inverses to the inclusions a and c. 
We write ξ * instead of Y ξ X when there is no place of confusion. Note that if there is a map X → Y in ∆/C, then the sequence We define ∼ as the minor equivalence relation on the arrows of ∆/C which is compatible with the composition and satisfies ξ * ≈ ξ ′ * ⇒ ξ ∼ ξ ′ * . We say that ξ * and ξ ′ * are equivalent if ξ * ∼ ξ ′ * . With [∆/C] we denote the quotient category with the same objects than ∆/C and with arrows the classes under ∼. There is a natural functor ∆/C → [∆/C] which is the identity on objects and maps an arrow ξ * : X → Y to its class [ξ * ].
Definition. The subdivision of C, denoted Sd(C), is the full subcategory of [∆/C] whose objects are the non-degenerate simplices of N C. Schematically, we have 
where a and b denote the non-trivial arrows of C. This is also the subdivision Sd(C), since no indentification is possible. The classifying space B(Sd(C)) is the 1-sphere S 1 .
Example 4.1.2. If C is the two object simply connected groupoid 0 ⇄ 1, then N C has two non-degenerate simplices on each dimension q, say 0101... and 1010.... If q < p, then there are several arrows between a q-simplex and a p-simplex in ∆/C, but is not hard to see that any two of them are equivalent. Hence, it follows that Sd(C) is the category 
Some basic properties
Let X and Y be simplices of N C of dimension q X and q Y respectively. We say that a map ξ * :
Proof. It is sufficient to consider the case q X = q Y + 1, for any surjection can be expressed as a composition of some of the s 
is compatible with the composition and satisfies
Let dim : Sd(C) → N 0 be the functor X → q X which assigns to each non-degenerate simplex X its dimension. 
Lemma 4.2.3. If there is a non-identity arrow
Following the terminology of [5, §5] , we have proved that dim : Sd(C) → N 0 is a linear extension of the subdivision category Sd(C), and that the latter is a direct category. This is not true for ∆/C nor [∆/C], and here lies the reason of our construction. Proof. We must show that for every pair X, Y of objects of Sd 2 (C), (i) there is at most one arrow X → Y , and (ii) the existence of arrows X → Y and Y → X implies X = Y . Assertion (ii) is an immediate corollary of lemma 4.2.3, so let us prove (i). An object X of Sd 2 (C) is a non-degenerate simplex of N (Sd(C)), that is, a chain of non-trivial composable arrows
of Sd(C), where X i is a non-degenerate simplex of N C for each i. Note that dim(X i ) < dim(X i+1 ) by lemma 4.2.3. Fix two simplices X and Y of N (Sd(C)). We will show that there exists at most one order map ξ :
Remark 4.2.6. The same argument of above proves that Sd(C) is a poset for every direct category C (cf. [5] ).
Functoriality of the subdivision
If X is a simplex of N C, we might think X as a sequence of composable arrows, say X = (f 1 , ..., f q X ). Let p X = #{j|f j = id} be the number of non-identity arrows that appear in X, and let r(X) = (f i 1 , ..., f ip ) be the sequence obtained from X by deleting the identities. Then X is a degeneration of r(X) -viewed as simplices of N C -and r(X) is a non-degenerate p X -simplex. Moreover, X = r(X)α X with α X :
If ξ * : X → Y is an arrow in ∆/C, there is an injective map ζ : [p X ] → [p Y ] which makes the square commutative.
By defining r(ξ * ) = ζ * we obtain a functor r : ∆/C → ∆/C and a natural transformation α : id ⇒ r.
The functor r maps surjection into identities, therefore -by lemma 4. We will write i C and r C instead of i and r to make explicit the dependence on C. 
Sd(C)
To prove that it is functorial we must verify that Sd(id) = id and that Sd(f )Sd(g) = Sd(f g). The first assertion follows because
of functors Sd(C) → Sd(E). It follows from corollary 4.2.4 that the natural isomorphism Sd(gf ) ∼ = Sd(g)Sd(f ) must be the identity.
It follows from proposition 4.2.5 that Sd 2 lifts to a functor r : PoSet → Cat.
We will show that the functor r is a homotopy inverse for the inclusion PoSet → Cat.
Relation between a category and its subdivision
Recall form [6] the functor sup : ∆/C → C. Given a simplex X : [q X ] → C of N C, sup(X) = X q X is the last object of the sequence X. For an arrow ξ * :
The functor sup maps surjections into identities, since a surjective map [p] → [q] preserves final element. It follows from lemma 4.2.2 that sup factors through the quotient and induces a functor [∆/C] → C which will also be denoted by sup by an abuse of notation.
Definition. The functor ε C : Sd(C) → C is defined as the composition sup • i C of the bottom of the diagram of above.
Lemma 4.4.1. The functor ε C is natural in C. It gives rise to a natural transformation, denoted ε : Sd ⇒ id Cat .
Proof. We have the following diagram.
Sd(C)
The right square commutes because the functor sup is natural, and the left square commutes up to natural isomorphism. If X is an object of Sd(C) then [f * ]i(X) = f X, iSd(f )(X) = ir[f * ]i(X) = ir(f X) and this natural isomorphism consists of the map α f X : f X ⇒ ir(f X). Since it is surjective, it is mapped into an identity by sup and the lemma follows.
The category Sd(C) provides an algebraic model for the homotopy type of BC, locally simplier than C, as it is stated in the following theorem.
Theorem 4.4.2. The functor ε C : Sd(C) → C is a weak equivalence for every small category C.
Proof. Write ε instead of ε C . We will show that (i) ε : Sd(C) → C is a pre-cofibration, and that (ii) the fibers of ε are contractible. The result will follow from (i), (ii) and corollary 3.2.2 of Quillen's theorem A.
To see (i) we must show that, given f : S → T a non-identity map in C and X = (X 0 → X 1 → ... → X q X −1 → S) an object in ε −1 S, there exists a cocartesian arrow X → Y over f . So, let Y be the object of Sd(C) defined by extending X with f ,
and let [ξ * ] : X → Y be the map induced by the injection ξ = d
X → Z is any other map over f , we have to prove that there exists a unique
q X +2 and ζ = hd
q X +1 ) * = ζ * . To see (ii) we must show that, given Y an object of C, the fiber ε −1 Y is contractible. So, it is sufficient to prove that ε −1 Y has an initial object, as we have pointed out in lemma 3.1.2. We assert that Y , viewed as a 0-simplex of N C, is the initial object of ε −1 Y . If X is an object of ε −1 Y , then the (q X )-th inclusion α :
Y → X is any other map in ε −1 Y , we have to prove that α * ∼ β * . Consider the order map
Then α = hd 1 0 and β = hd 1 1 , and because X( Proof. If f : C → D is a weak equivalence in Cat, it follows from theorem 4.4.2 and the square
is also a weak equivalence, as well as Sd 2 (f ). Since cr(f ) = Sd 2 (f ), the order map r(f ) is a weak equivalence, too.
Categorical description of the homotopy category
The functors a and c preserve weak equivalences. Hence, they induce functors Ho(a) and Ho(c) at the homotopy level.
Ho(T op)
We are now in conditions to state the main result. Proof of theorem 5.0.1. We prove first that Ho(c) is an equivalence of categories. We have seen in corollary 4.4.3 that r : Cat → PoSet preserves weak equivalences, hence it induces a functor Ho(r) : Ho(Cat) → Ho(PoSet). We assert that r is a homotopy inverse to c, so we have to prove that there are natural isomorphisms Ho(cr) = Ho(c)Ho(r) ∼ = id Ho(Cat) and Ho(rc) = Ho(r)Ho(c) ∼ = id Ho(PoSet) .
If we show that there are natural transformations cr ⇒ id Cat and rc ⇒ id PoSet which assign to any object a weak equivalence, then by composing with the projections we will obtain natural isomorphisms, which yield another ones Ho(cr) ∼ = id Ho(Cat) and Ho(rc) ∼ = id Ho(PoSet) by proposition 3.1.1.
For every category C the composition ε C ε Sd(C) : cr(C) = Sd 2 (C) → C is a weak equivalence by theorem 4.4.2, and clearly it is natural. In particular, for every poset P the composition ε c(P ) ε Sd(c(P )) : crc(P ) = Sd 2 (cP ) → c(P ) is a weak equivalence, so the associated order map rc(P ) → P gives the other natural transformation we are looking for. Now we prove that Ho(a) is an equivalence of categories. We will construct an inverse to a by considering for each topological space X a simplicial complex K X and a weak equivalence K X → X, which can be done naturally. We define a functor b : T op → PoSet by b(X) = S(K X ) the poset of simplices of the associated complex. To see that b preserves weak equivalences it is sufficient to consider the diagram ab(X) = aS(K X ) By the same argument used above, the natural weak equivalences |K X | → X and |K X | → ab(X) yield natural isomorphisms at the homotopy level, which compose to give Ho(a)Ho(b) = Ho(ab) ∼ = id Ho(T op) . The natural isomorphism Ho(b)Ho(a) = Ho(ba) ∼ = id Ho(PoSet) can be obtained as a restriction of the previous one, namely it is the induced by the natural weak equivalences |K a(P ) | → a(P ) and |K a(P ) | → aba(P ).
Some remarks
Remark 6.0.1. Cat admits a different homotopy structure than the one used here, by considering as weak equivalences the class generated by the equivalences of categories (see for example [11] ). The functors which become homotopy equivalences after taking the classifying space functor are sometimes called topological weak equivalences, to distinguish them from the other ones.
Remark 6.0.2. The subdivision endofunctor Cat → Cat equals the composition c • sd • N , where sd denotes Kan's subdivision of simplicial sets (cf. [8] ). However, we believe that the intrinsic definition that we present here clarifies the geometric aspect of subdivision of categories. [15] we know that Cat admits a closed model structure, weak equivalences being the ones we work with. By the corrections made by Cisinski [2] on the paper of Thomason, we know that every cofibrant category under this structure is a poset. Thus, the equivalence Ho(PoSet) where Cat c denotes the full subcategory of cofibrant objects.
